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Abstract 

Let G be a Lie group over a local field of characteristic p > which 
admits a contractive automorphism a: G —* G (i.e., a n (x) — > 1 as 
n — > oo, for each x £ G). We show that G is a torsion group of 
finite exponent and nilpotent. We also obtain results concerning the 
interplay between contractive automorphisms of Lie groups over local 
fields, contractive automorphisms of their Lie algebras, and positive 
gradations thereon. Some of the results even extend to Lie groups 
over arbitrary complete ultrametric fields. 
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Introduction 

A contraction group is a pair (G, a) of a topological group G and a (bicon- 
tinuous) automorphism a: G — > G which is contractive in the sense that 
a n (x) — > 1 as n — > oo, for each x G G. It is known from the work of 
Siebert [28] that each locally compact contraction group is a direct product 
G = Go x H of its identity component Go and an a-stable totally disconnected 
group H. Siebert also showed that G is a simply connected, nilpotent real 
Lie group. Results concerning the totally disconnected part H were obtained 
in [18]. It is a direct product 

H = H P1 x ■ • ■ x H Pn x tor(#) 

of its subgroup tor(H) of torsion elements and certain a-stable p-adic Lie 
groups Hp. Thus p-adic contraction groups are among the basic build- 
ing blocks of general contraction groups, and it is therefore well motivated 
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to study these, and more generally contraction groups which are (finite- 
dimensional) Lie groups over local fields. Essential structural information 
concerning p-adic contraction groups was obtained by Wang [30] : He showed 
that any such is a unipotent algebraic group defined over Q p (and hence 
nilpotent). The main goal of the current article is to shed light on contrac- 
tion groups which are Lie groups over local fields of positive characteristic. 

Theorem A. Let G be a C 1 -Lie group over a local field K of characteristic 
p > which admits a contractive C 1 -automorphism a: G — > G. Then G is 
a torsion group of finite exponent and solvable. Furthermore, there exists a 
series 

1 = G < G 1 < ■ ■ ■ < G n = G (1) 

of a- stable, closed subgroups Gj such that the contraction group Gj/Gj-i is 
isomorphic to Cp N ^ x C^ with the right shift, for each j G {1, . . . , n}. 

Here C p is the cyclic group of order p and Cp~ N ^ x the restricted product 
of all functions / : Z — > C p such that f(n) — 1 for n below some no, with 
the infinite power Cp° as a compact open subgroup. The right shift a is 
defined via o~(f)(ri) := f(n — l), and a morphism between contraction groups 
(Gi,eei) and (G 2 ,a 2 ) is a continuous homomorphism 0: G\ — > G 2 such that 
a2°0 = 4>°ol\. The series (1) is a composition series of topological (a)-groups 
(in the sense of [18]). 

We are mainly interested in K-analytic (C w -) Lie groups and K-analytic 
automorphisms, but the preceding result holds just as well for C 1 -Lie groups 
and their automorphisms, and has been formulated accordingly. Recall that, 
while C fc -Lie groups and analytic Lie groups coincide in the p-adic case [10], 
for each local field of positive characteristic there exist non-analytic smooth 
Lie groups and C fc -Lie groups which are not C k+1 , for each fceN (see [9]). 

Our second main result says that G is not only solvable, but nilpotent, at least 
under a slightly stronger differentiability hypothesis (k > 2). The conclusion 
even remains valid for Lie groups over complete ultrametric fields which are 
not necessarily locally compact. 

Theorem B. Given k E N U {oo,cj} with k > 2, let G be a C k -Lie group 
over a complete ultrametric field (K, |.|) and a: G — > G be a contractive 
C k -automorphism. Then G is nilpotent. Furthermore, there exists a central 
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series 

1 = G < G 1 < • • • < G m = G (2) 
such that each Gj is an a-stable C k -Lie subgroup of G. 

While the proof of Theorem A (given in Section 2) is based on the structure 
theory of totally disconnected, locally compact contraction groups from [18] , 
Theorem B (proved in Section 4) relies on entirely different methods: it uses 
the ultrametric stable manifolds constructed in [14]. 

To enable successful application of the methods from [14], we first take a 
closer look at the linearization L(a) = Ti(a) of a around its fixed point 1 
(see Section 3). For example, it is essential for us that L(a) is a contractive 
automorphism of L(G) = and that each eigenvalue of L(a) (in an 

algebraic closure) has absolute value < 1 (as shown in [14]). Further results 
concerning contractive Lie algebra automorphisms take Siebert's treatment 
of the real case as a model. He showed that each contractive automorphism of 
a real Lie algebra g gives rise to a positive gradation on g, i.e., g = © r>0 r for 
vector subspaces g r C g indexed by positive reals such that g r = {0} for all 
but finitely many r and [g r , g s ] C g r+s for all r, s > 0. Conversely, each pos- 
itive gradation yields contractive Lie algebra automorphisms of g (see [28]). 

In the case of Lie algebras over local fields, the right class of positive grada- 
tions to look at are N -gradations, i.e. positive gradations g = ® r>0 g r such 
that g r 7^ {0} implies r G N, and thus g = © rgN r - We show that a Lie 
algebra g over a local field admits an N-gradation if and only if it admits a 
contractive Lie algebra automorphism (Proposition 3.1). 

In Section 5, we discuss the interplay between contractive automorphisms 
of Lie groups and Lie algebras. In the real case, it is known that each 
Lie group G admitting a contractive automorphism a is simply connected, 
and that L(a) is a contractive Lie algebra automorphism. Conversely, each 
contractive Lie algebra automorphism of a real Lie algebra integrates to a 
contractive automorphism of the corresponding simply connected real Lie 
group. It is quite interesting that, likewise, we can always pass from the Lie 
algebra level to the group level in the case of complete ultrametric fields of 
characteristic 0: 

Theorem C. Let (IK, |.|) be a complete ultrametric field of characteristic 0, 
g be a Lie algebra over K and f3 : g — > g be a contractive Lie algebra auto- 
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morphism. Then there exists a K-analytic Lie group G, unique up to iso- 
morphism, and a uniquely determined K-analytic contractive automorphism 
a of G such that L{a) = j3. 

In this case, the appropriate substitute for a simply connected group is con- 
structed with the help of an HNN-extension. Related results are also obtained 
if char(K) > 0, but these are by necessity weaker. For instance, it may hap- 
pen in positive characteristic that two non- isomorphic contraction groups 
give rise to the same Lie algebra and the same contractive Lie algebra au- 
tomorphism. An example for this phenomenon (Example 6.7) and examples 
illustrating various other aspects of the theory are compiled in Section 6. 

Let us mention in closing that results concerning contraction groups also 
extend our knowledge of more general automorphisms of Lie groups over 
local fields. In fact, let G be a C fc -Lie group over a local field, where 
k G N U {oo,u}, and a: G — > G be an automorphism of C fe -Lie groups. 
Let U a be the group of all x G G such that a n (x) — > 1 as n — > oo, and 
M a be the group of all x G G the two-sided orbit a z (x) of which is rela- 
tively compact in G. Then (U a ,a\u a ) and (U a -i, _ 1 ) are contraction 
groups in the induced topology, but they are also contraction groups (with 
contractive C fc -automorphisms) when equipped with suitable immersed C k - 
Lie subgroup structures (see [14] ), 1 which may correspond to properly finer 
topologies. Strongest results are available if U a is closed. 2 Then all of U a , 
U a -i and M a are C k -Lie subgroups of G, their complex product U a M a U a -i 
is an open a-stable identity neighbourhood in G, and the product map 

U a x M a x U a -i -> U a M a U a -i 

is a C fc -diffeomorphism (see [30] for the p-adic case, [15] for the general 
result). The theorems of the current article then apply to (U a ,a\u a ) and 
(Z7q,-i , a" 1 1 (7 q _x )• Some basic information on M a can be drawn from [16] 
(cf. [17] and [24] for the p-adic case): M a has small a-stable compact open 
subgroups. In contrast to the case of contraction groups, M a need not have 
special group-theoretic properties: Choosing a = id, we get G = M a and 
conclude that M a can be an arbitrary C*-Lie group. 

1 Making them the stable manifold and unstable manifold of a around 1, respectively. 

2 This condition is automatically satisfied if char(K) = (see [30]) or if there exists 
an injective, continuous homomorphism from G to a general linear group [15]. Various 
characterizations of closedness of U a were given in [1]. 
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Contraction groups of the form U a arise in many contexts: In representation 
theory in connection with the Mautner phenomenon (see [23, Chapter II, 
Lemma 3.2] and (for the p-adic case) [30]); in probability theory on groups 
(see [19], [28] and (for the p-adic case) [6]); and in the structure theory of 
totally disconnected, locally compact groups developed in [33] (see [1]). 

Acknowledgement. The author thanks George A. Willis for useful discussions, 
notably concerning the examples in Section 6. 

1 General conventions and facts 

Complementing the definitions already given in the Introduction, we now fix 
additional notation and terminology. 

1.1 Conventions concerning valued fields. By a local field, we mean a 
totally disconnected, non-discrete locally compact topological field. We fix an 
ultrametric absolute value |.| : K — > [0, oof on K defining its topology [31]. A 
field IK, equipped with an ultrametric absolute value | . | which defines a non- 
discrete topology on K is called an ultrametric field; it is called complete if K 
is a complete metric space with respect to the metric (x, y) \— > \y — x\. Given 
a complete ultrametric field (K, |.|) (e.g., a local field), we fix an algebraic 
closure IK of IK and use the same symbol, | . | , for the unique extension of the 
given absolute value |.| to an absolute value on K (see [26, Theorem 15.1]). 
If (E, ||.||) is a normed space over a valued field (IK, |.|), given x G E and 
r > we write Bf (x) := {y G E: \\y - x\\ < r} and B r := B^(0). Given a 
continuous linear map a between normed spaces (E, \\.\\e) and (F, ||.||f), its 
operator norm is defined as 

||«|| op := min{r G [0, oof: (Vrr G E) \\oi(x)\\f < • 

1.2 Differential calculus, manifolds and Lie groups. All manifolds, 
Lie groups and Lie algebras considered in this article are finite-dimensional. 
Basic references for analytic manifolds and analytic Lie groups over complete 
ultrametric fields are [27], also [3] and [4]. We use the symbol "C" 1 "' as a 
shorthand for "analytic" and agree that n < oo < uj for all n £ No, where 
N = {1, 2, . . .} and N = N U {0}. Let E and F be (Hausdorff) topological 
vector spaces over a non-discrete topological field IK and U C E be open. 
Then := {(x,y,t) G U x E x K: x + ty G U} is an open subset of 
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E x E x K. Following [2], we say that / is C 1 if it is continuous and there 
exists a (necessarily unique) continuous map 

fW : £/[i] _^ w hich extends 

the directional difference quotient map, i.e., 

/«(,,»,<> = /(l + % f ) - /w 

for all (x,j/,t) G C/ [1] such that i ^ 0. Then f(x) := ., 0) : E -> F is 

a continuous linear map. Inductively, / is called C fc+1 for A; e N if / is C 1 
and /M is C fc . As usual, / is called C°° or smooth if / is C k for all k e N. 
If we want to stress K, we shall also write Cj| in place of C k . 

In this article, we are only interested in the case where (K, |.|) is a com- 
plete valued field and both E and F are finite-dimensional. In the usual 
way, the above concept of C fe -map then gives rise to a notion of (finite- 
dimensional) C fc -manifold and a notion of (finite-dimensional) C fc -Lie group: 
this is a group, equipped with a C fe -manifold structure which turns group 
multiplication and inversion into C fc -maps. We let L(G) := Ti(G) denote 
the tangent space at the identity element 1 G G and set L(f) := Ti(/) for 
a C fc -homomorphism / ': G — > H between C fc -Lie groups. If k > 3, then the 
Lie bracket of left invariant vector fields can be used in the usual way to 
turn L(G) into a Lie algebra, and L(f) then is a Lie algebra homomorphism. 

We mention that the C fc -maps used in this article generalize the C fe -functions 
of a single variable common in non-archimedian analysis (as in [26]). If 
(K, |.|) is a complete valued field, then a map between open subsets of finite- 
dimensional vector spaces is C 1 if and only if it is strictly differentiable at 
each point of its domain, in the sense of [3, 1.2.2] (see [13, Appendix C]; 
for locally compact fields, cf. also [11, §4]). 3 In particular, such a map is 
totally differentiable at each point. For a survey of differential calculus over 
topological fields covering various aspects of relevance for the current article, 
the reader is referred to [12]. 

Because inverse- and implicit function theorems are available for C fc -maps 
between finite-dimensional vector spaces over complete valued fields (see [13, 
notably Appendix C]), 4 we can define immersions as in the analytic case [27], 

3 This fact enables us to use (and cite) various results concerning C 1 -maps and C 1 -Lie 
groups from [11], [13] and [10] also in the case of non-locally compact, complete ultramctric 
fields, which (strictly speaking) are formulated there only in the locally compact case. The 
proofs only use strict differentiability and therefore carry over without changes. 

4 Sce also [11] for the cases where k > 2 or the ground field is locally compact. 
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with analogous properties. If k G NU{oo, u}, M is a C fc -manifold and N C M 
a C fc -manifold such that the inclusion map t: N — > M is an immersion, we 
call iV an immersed C k -submanifold of M; if i is furthermore a homeomor- 
phism onto its image, we call N a C k -submanifold. Locally around each of its 
points, N then looks like a vector subspace inside the modelling space of M. 
Given a C fc -Lie group G, a subgroup H equipped with a C fc -Lie group struc- 
ture making it a C fc -submanifold of G (resp., an immersed C fc -submanifold) 
is called a C k -Lie subgroup (resp., an immersed C k -Lie subgroup). In partic- 
ular, every C fc -Lie subgroup of G is closed in G. 

1.3 Automorphisms and contraction groups. Given an automorphism 
a of a topological group G and a subset X C G, we say that X is a-stable 
(resp., a-invariant) if a(X) = X (resp., a(X) C X). If we speak of C k - 
isomorphisms between C fc -Lie groups or C*-automorphism, we assume that 
the inverse map is C k as well. A topological group (resp., C fc -Lie group) 
G is called contractible if it admits a contractive automorphism (resp., a 
contractive C fc -automorphism) . Given a contraction group (G,a), a series 
1 = Gq < Gi < ■ ■ ■ < G n = G of a-stable, closed subgroups of G is called 
an (a) -series; it is called a composition series if it does not admit a proper 
refinement (see [18]). 

Definition 1.4 Let (G,a) be a contraction group. 

(a) a is uniformly contractive (or a uniform contraction) if each identity 
neighbourhood of G contains an a-invariant identity neighbourhood. 

(b) a is compactly contractive if, for each compact set K C G and identity 
neighbourhood U C G, there is n e N with a" (if) C U for all n > n . 

A simple compactness argument shows that each uniformly contractive auto- 
morphism is compactly contractive. 

Although our main concern are contractive automorphisms of Lie groups over 
local fields, some of our results will also apply to Lie groups over non-locally 
compact, complete ultrametric fields, like C p and Q((X)). 

Consider a (finite-dimensional) C fc -Lie group G over a complete ultrametric 
field K. Then G is complete (see [10, Proposition 2.1 (a)]) 5 and metrizable. 

5 Recalling footnote 3 if k = 1 and K fails to be locally compact. 
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This implies that, automatically, each contractive (bicontinuous) automor- 
phism a of such a Lie group is uniformly and compactly contractive (cf. [29, 
Lemma 1]). Since G has arbitrarily small open subgroups (see [10, Propo- 
sition 2.1]), Siebert's construction in [29] even produces small a-invariant 
identity neighbourhoods. 

We recall another useful fact, the proof of which exploits that contractive 
automorphisms of Lie groups are uniformly contractive. 

1.5 Let (IK, |.|) be a complete ultrametric field, G be a C 1 -Lie group and 
a: G — > G be a contractive ^-automorphism. Then (3 := L(a) is a contrac- 
tive automorphism of L{G) and all eigenvalues of j3 in IK have absolute value 
< 1 (see [14]). Furthermore, there exists an ultrametric norm |.| on g such 
that 1 1/9 1 1 p < 1 holds for the corresponding operator norm (see [14]; cf. also 
[8, Lemma 3.3 and its proof] and [23, Chapter II, §1]). 

2 Proof of Theorem A 

Given a contractive automorphism a of a totally disconnected, locally com- 
pact group G, there exists an a-invariant, compact open subgroup U such 
that a(U) < U (see [28, 3.1 and Lemma 3.2]), whence (a n (U)) ne z is a filtra- 
tion for G adapted to a in the sense of [28, 3.3]. This filtration can be used 
to compare structures on G (or its subgroups). 6 We shall use it in the proof 
of Theorem A to see that the IK-Lie group structure on G and the p-adic Lie 
group structure on a certain hypothetical subgroup are incompatible. The 
next lemma will be used to relate the groups a n (U) to balls in a local chart. 

Lemma 2.1 Let (IK, |.|) be a complete ultrametric field, fcGNU {oo,c<j}, G 
be a C k -Lie group over K, S C G be an open subgroup and a: S — > G be 
a C 1 -homomorphism. We set g := L(G), (5 := L(a) and assume that (5 is 
a linear isomorphism and := ||/3|| p < 1 for some ultrametric norm \\.\\ 
on g. Then there exists an a-invariant open identity neighbourhood U C S 
and a C k -diffeomorphism <fi: U — > B r C g for some r > with 0(1) = and 
Ti(0) = id , such that the sets U s := 0~ 1 (i? s ) have the following properties: 

(a) U 6s C a(U s ) C U Qs for each s E ]0,r], where 9 := l/WP' 1 ]]^. 

6 This idea is also the basis for the results in [9]. 
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(b) U s is a subgroup of G for each s G ]0, r\, and a normal subgroup ofU r . 
Also, U s /Uq s is abelian for each s G ]0,r], and thus a{U s ) < U s . 

//char(K) = and \p\ < 1 for a prime p, one can also achieve: 

(c) (U s ) p = U\p\ s holds for the set of p-th powers, for each s G ]0, r\. 
IfK has characteristic p > 0, one can also achieve: 

(d) For each e G ]0, 1[, there exists r G ]0,r] such that {U s ) p C U £S for 
each s G ]0, r ]. 

Proof. Set 6 := ||/3 _1 ||op- Then < < 6 < 1. There exists a chart 
4>: U — > £? r for some open identity neighbourhood U C S and some r > 0, 
such that 0(1) = and 71(0) = id . After shrinking r, we may assume 
that U s := _1 (-B S ) is a subgroup of G for each s G ]0,r], and that the 
remainder of (b) as well as (c) resp. (d) hold (see [10, Proposition 2.1 (b), 
(f) and (i)]). 7 There exists t G ]0,r] such that a(U t ) C £/" r . We can therefore 
define a C fc -map 7: B t — > i? r via 7(3;) := 0(a(0 _1 (a;))). Our hypotheses 
ensure that 7 is strictly differentiable at 0. Now 7'(0) being invertible, the 
Ultrametric Inverse Function Theorem [11, Proposition 7.1] shows that, after 
shrinking t if necessary, we have "f(B s ) = 7'(0).5 S for each s G ]0,t\. Since 
Be s Q "f'(0).B s C Se s , we deduce that (a) holds after replacing r with t. □ 

Proof of Theorem A. We recall from [18, Theorem B] that G = D x T 
internally as a topological group, where T is the subgroup of all torsion ele- 
ments and D the subgroup of all divisible elements. Also by [18, Theorem B], 
D is a direct product D pi x • • • x D Pm , where pk is a prime and D Pk a non- 
discrete pfc-adic Lie group for k G {1, . . . , m}. Let p be the characteristic 
of K. Then G is locally pro-p, i.e., it has a compact open subgroup which 
is a pro-p-group (see [10, Proposition 2.1 (h)]). Hence also each D Pk is lo- 
cally pio-p and hence Pk = P (cf. [7, §1.2]), whence D actually is a p-adic 
Lie group. To see that D = {1}, let us assume that D^{1} and derive a 
contradiction. Being a non-trivial contraction group, D is then non-discrete 
(see [28, 1.8(c)]). 

Throughout the remainder of the proof, the letters (a)-(d) refer to the con- 
ditions formulated in Lemma 2.1. Applying Lemma 2.1 to G and a (which 

7 The formula (U s ) p — U\ p \ s is shown in [10] only if \p\ — p^ 1 , but the proof works as 
well for arbitrary \p\ > 0. 
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is possible by 1.5), we obtain r > 0, 9 := l/||L(a;) _1 || p G ]0, 1[ and an 
a-invariant compact open subgroup U = U r C G satisfying conditions (a) 
and (d). Then 

U ekg C a k {U s ) for all s G ]0, r] and fceN, (3) 

by a simple induction based on (a). By (d), after shrinking r, we have 

U pk C fV r for each fcGE (4) 

Since ct|o is a continuous (and hence analytic) contractive automorphism 
of the p-adic Lie group D, applying Lemma 2.1 to (Q p , |.| p ), D and ol\d 
we get some R > 0, 6 := ||L(o;|£))|| p G ]0, 1[, a compact open subgroup 
V = Vfi C D and subgroups V s C Vr satisfying analogues of (a) and (c). 
After shrinking R, we may assume that V C U. Since a|o is compactly 
contractive, there exists N eN such that a N (U (ID) CV. Choose i G N so 
large that £log p (0) < —1 and set e := ^. Since [/ satisfies (d), there exists 
r G ]0, r] such that 

(t4) p C U £S = U e e s for each sG]0,r ]. 

There isMeN such that 9 M r < r and hence U pM C C/ e M r C C/ ro , using (4). 

k-\-M 

Then f/ p C U d kt ro for each fc G N, by a trivial induction. Here U 6 ki ro C 
a H (C/ ro ), by (3). Thus 

^_ fc _ MiJ = ^ fc+M c ^ +M nD C «> r JnD 

C a ke (U)nD = Q>nD) C a ke ~ N {V) C \/ e ^ R 

for G N such that A;£ > iV, using (c) to obtain the first equality. As a 
consequence, p~ k ~ M R < p<d ke ~ N R and hence 

-k-M < 1 + {U - N) log p (e) . (5) 

Dividing both sides of (5) by and letting fc — > oo, we obtain the contradic- 
tion — 1 < £\og p (Q). Hence D — {1} and thus G = T is a torsion group. 

We now pick a composition series (1) of a-stable closed subgroups of G (as 
provided by [18, Theorem 3.3]). Since Gj/Gj-i is a torsion group for each 
j G {1, . . • , n}, the classification of the simple contraction groups [18, The- 
orem A] shows that Gj/Gj-i = Fj N ^ x with the right shift, for some 
finite simple group Fj. Since G is locally pro-p, so is Gj/Gj-i. Hence Fj has 
to be a p-group, entailing that Fj = C p . As a consequence, x p " = 1 for each 
x G G. Each factor Gj/Gj-i being abelian, G is solvable. □ 
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3 Contractible Lie algebras and N-gradations 



Let us call a Lie algebra g over a local field K contractible if there exists a 
contractive Lie algebra automorphism a: g — > g. In this section, we prove 
the following result: 

Proposition 3.1 A Lie algebra g over a local field K is contractible if and 
only if it admits an N-gradation. 

The proof is based on some facts concerning automorphisms of vector spaces 
over ultrametric fields, which we now recall (and which will be re-used later). 

3.2 Let E be a finite-dimensional vector space over a complete ultrametric 
field (IK, |.|) and a be a linear automorphism of E. For each r > 0, we let F r 
be the sum of all generalized eigenspaces of a®Kidf; in £%K to eigenvalues 
A G Kof absolute value |A| = r. By [23, Chapter II, §1], F r is defined over K, 
whence F r = E r ®k IK with E r := F r H E . Then 

E = 0£ r . (6) 

r>0 

We call r G ]0, oo[ a characteristic value of a if E r ^ {0}, and let R(a) be the 
set of characteristic values. There exists an ultrametric norm on E such that 

||a:(i>)|| = r\\v\\ for each r G and v E E r . (7) 

(see [14]; cf. [8, Lemma 3.3 and its proof]). Hence a is contractive if and only 
if R(a) C ]0, 1[. 

Proof of Proposition 3.1. Given a contractive Lie algebra automorphism 
a: - *• 9) let IK and |.| be as in 1.1. There is a > 1 such that |K X \ — (a) < W x 
(cf. [31] or [26, Corollary 12.2]). If z e K X L := K(z ) and d := [L : K] is the 
degree of the field extension, then |z| = y/\N^/^(z)\ e (v^a) using the norm 
^Vl/k(z) (see [21, Theorem 9.8]). Therefore 

log a |K X | < Q. (8) 

Applying the considerations from 3.2 to E :— g and a, we obtain i?(a), 
spaces F r and vector subspaces £ r C g with g = @ r>0 _E r . Since R(a) C 
]0, 1[, using (8), we find m G N such that that —m\og a (R(a)) C N. Hence 

S = 00n (9) 

neN 
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with g n := E a -„ /m . Since [F r , F s ] C F rs and hence [E r ,E s ] C E rs for all 
r, s > as a consequence of Proposition 12 (i) in [5, Chapter 7, §1, no. 4], it 
follows that (9) is an N-gradation. 

Conversely, assume that g = © ngN 0n is an N-gradation. Pick 9 G 1K X such 
that |#| < 1. Then the unique K-linear map a: Q — > taking i G g„ to # n :c 
is a contractive Lie algebra automorphism of 0. □ 



4 Contractible Lie groups are nilpotent 

In this section, we prove Theorem B. The proof uses the stable manifolds 
for ultrametric dynamical systems constructed in [14] by an adaptation of 
Irwin's method (as in [20] and [32]). 8 

4.1 Let (K, 1. 1) be a complete ultrametric field and k G NU{oo, u}. Let M be 
a finite-dimensional C fe -manifold over K, a : M — > M be a C fe -diffeomorphism 
and z 6 M be a fixed point of a. Write r± < • ■ ■ < r n for the characteristic 
values of T z (a). Given a G ]0, 1[ \{r±, . . . , r n }, let W£(M,z) be the set of 
all x G M with the following property: For some (and hence each) chart 
(J): U -> F C T 2 (M) of M around z such that = and T z (<f>) = id Tz(M) , 
and some (and hence each) norm ||.|| on T Z (M), there exists no G N such 
that a n (x) G £7 for all integers n > no and 

lim ^ — = 0. 10 

n— >oo a n 

It is clear from the definition that W*{M, z) is an a-stable subset of M. The 
following facts are proved in [14] : 

4.2 For each a G ]0, l[\{ri, . . . ,r n }, the set W£(M,z) is an immersed C k - 
submanifold of M. It is called the a-stable manifold of M around z. 

4.3 If {n,...,r n } C ]0, 1], then W°{M,z) is a C k -submamfold of M, for 
each a G ]0, l[\{n, . . . ,r n }. 

4.4 If0<a<6< land[a,6]n{ri,...,r n } = 0, thenW*(M,z) =W£(M,z). 

4.5 Ifae ]0,n[, then W*(M, z) = {z}. □ 
8 See also [11] and [12] for outlines of the main steps of this construction. 
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Proposition 4.6 Let k G N U {oo,cu} and (K, |.|) be a complete ultrametric 
field. Let G be a C k -Lie group over K and a: G — > G be a C k -automorphism. 
Assume that a G ]0, 1[ is not a characteristic value of L(a). Then the a-stable 
manifold W^(G, 1) is an immersed C^-Lie subgroup ofG. If a is a contractive 
C k -automorphism, then W^{G, 1) is a C^-Lie subgroup of G. 

Proof. We first show that H := W^(G, 1) is a subgroup of G. To this end, 
we pick a chart 0: U — > V C T\(G) = L(G) as in 4.1 and an ultrametric 
norm |.| on L{G); we use the same symbol, ||.||, for the corresponding max- 
imum norm on L{G) x L{G). After shrinking U, we may assume that U is 
a subgroup of G and give V the group structure making <fi a homomorphism 
(see [10, Proposition 2.1]). After shrinking U further, we may assume that 

\\xy- l -{x-y)\\ < \\(x,y)\\ for all x, y G V, (11) 

because h: V x V — > V, (x, y) i— > xy -1 is totally differentiable at (0,0) with 
/i'(0, 0) : L(G) x L(G) -> L(G), (u, u) h-> u - u. 

If x, y G if, there exists n G N such that a n (:r), a n (y) G C/ for all n > n 
and ||0(a n (:r))||/a n , ||0(a n (y)) ||/a™ -> 0. Then a™^ 1 ) = a n {x)a n {yY 1 G 
[/[/-I = U and 

I^K^y- 1 ))!!/^ = ii^c^M^y)) -1 !!/^ 

< max{ U(a n (x)) - J>(a n (y))\\ , || (0(a"(x)), ^"(y))- 1 ) || }/a" 
= niax{||^(a B (x))||/a B ,||^(a B (y))||/a B } - 

as n — > oo, showing that xy" 1 G if. Hence if is a subgroup indeed. 

To see that H is an immersed C fc -Lie subgroup, we recall from the construc- 
tion of a-stable manifolds that a\n '■ H — > H is a C fc -diffeomorphism and that 
there is an a-invariant open subset r C H (a "local a-stable manifold" ) such 
that if = UneN oc~ n {Y) and T is a submanifold of G. For a suitable choice 
of the chart (f>: U — > V and ultrametric norm |.| on above, one has 

V = B r C for some r > in the construction and the set T consists of 

all x G U such that 

(0) a n (x) G U for all n G N , ||0(a n (x))|| < a n for all n G N , and 
||0(a n (x))||/a" -> as n -> oo 

(see [14]). After shrinking [/ (and r) if necessary, we may assume that U is 
a subgroup of G and the estimates (11) hold. Given x, y G T, we can use 
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(11) as above to see that also xy^ 1 satisfies the conditions (<C>), and hence 
xy^ 1 G T. Thus T is a subgroup of G and hence a G fc -Lie subgroup. As a 
consequence, also a~ n (T) is a G fc -Lie subgroup of G. Since each a~ n (T) is an 
open G fc -submanifold of the a-stable manifold H and H = U n eN a ~ n (X)> ^ 
follows that the group operations of H are C k on an open cover and hence C k . 
Thus H is an immersed G fc -Lie subgroup of G. 

If a is contractive, then R(a) C ]0, 1[ (see 1.5). Hence H = W£(G, 1) is a 
G fc -submanifold of G (by 4.3) and therefore a G fc -Lie subgroup. □ 

Given subsets X, Y of a group G, we set [X, Y] := {xyx~ x y~ x : x <E X,y E Y}. 

Lemma 4.7 Let G be a C 2 -Lie group over a complete ultrametric field 
(K, |.|). Let a: G — > G 6e a C 2 -automorphism and assume that a, b G ]0, 1[ 
as we// as a& are no/ characteristic values of L(a). Then 

IW:(G,1),W*(G,1)} C W^(G,1). 

Proof. We pick a chart 0: C/ — > V C L(G) of G around 1 such that 0(1) = 
and T x (0) = id^GQ. After shrinking U further, we may assume that U 
is a subgroup of G. We give V the group structure making <p an isomor- 
phism. Then V is a G 2 -Lie group. The commutator map /: V x V — > V, 
f(x,y) = xyx~ x y~ x is G 2 and satisfies f(x,0) = f(0,y) = 0. Hence, by [10, 
Lemma 1.7], after shrinking V there exists C > such that 

ll/fos/)!! < CJxIHMI forallx,yeK 

Given x G W^(G, 1) and y G W^G, 1), there exists n G N such that 
a n (x), a n (y) G C/ for all n > n . Then 

Ma^xyx-^m ||/(0(q"(a;)),0(a"(y)))|| 
(a&) n " (a6) n 

< c ll0(^(x))H l|^(a"(y))|| ^ Q 
~ a n b n 

as n — > oo (see (10)), and thus xyx^y^ 1 G W^ b (G, 1). □ 

Proof of Theorem B. We may assume that G 7^ {1}. Since a is contractive, 
it follows that R(L(a)) C ]0, 1[ (see 1.5). Let < r : < ■ • • < r m < 1 be the 
characteristic values of L(a). Pick a m G }r m , 1[. Next, for j G {1, . . . , m — 1}, 
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pick Oj G ]rj, so small that cija m < rj, and such that aja^ £ {r 1 , . . . , r m } 
for all % > j. Set a := a\a n . By Proposition 4.6, Gj := (G, 1) is a G fc -Lie 
subgroup of G, for j G {0,1,..., m}. Furthermore, each Gj is a-stable, and 
G = {1}, by 4.5. Also, G m = G (cf. [14]). By Lemma 4.7, we have 

[G,G,] = [WC(G,1),W%(G,1)] C W^(G,1) C ^(G.l) = G^ 

for j G {1, . . . , m}. Hence each Gj is normal in G and Gj/Gj-i is contained 
in the centre of G/Gj_i, showing that 1 = G < G\ < ■ • • < G m = G is a central 
series. In particular, G is nilpotent (see [25, p. 122]). □ 

If a merely is a contractive G 1 -automorphism in Theorem B, the preceding 
proof still provides a central series of G 1 -Lie subgroups (it is only essential 
that the commutator map / is G 2 ). 

5 From contractible Lie algebras to 
contractible Lie groups 

In this section, we discuss the passage from contractive Lie algebra auto- 
morphisms to contractive Lie group automorphisms. We begin with a result 
which subsumes Theorem C from the introduction (when specialized to char- 
acteristic 0). Afterwards, we work towards a category-theoretic refinement of 
Theorem C: an equivalence between the category of analytic Lie contraction 
groups and the category of Lie algebra-contraction pairs. 

Proposition 5.1 Let (K, |.|) be a complete ultrametric field, k G NU{oo,cj} 
such that k > 3, q be a Lie algebra over K and (3: q — > g be a contractive Lie 
algebra automorphism. We make the following assumption: 

(*) There exists a C k -Lie group V with L(V) = Q, an open subgroup U C V 
and a C k -homomorphism 7: U — > V such that £(7) = f3. 

Then there exists a C k -Lie group G and a contractive C k -automorphism 
a: G — > G such that L(a) = f3. If char(K) = 0, then condition (*) is 
automatically satisfied. //char(K) = and k = u, then furthermore (G, a) 
is unique up to isomorphism. 

Proof. By 3.2, there exists an ultrametric norm ||.|| on g such that O : = 
1 1/5 1 1 p < 1. Hence Lemma 2.1 applies to 7: U — > V, and ensures that after 



15 



shrinking U, there is r > and a chart 0: U — > -B r C g with 0(1) = and 
Tx(0) = id such that "f(U s ) C C/e s for each s G ]0,r], with C/ s := 
In particular, this implies that "f(U) C [/ and that (7 ra (?7): n G No} is a 
basis of 7-stable identity neighbourhoods in U (since 7™(£/) C C/e«r)- Hence 
7|c/: [/—>[/ is contractive. Since ^1(7) = /3 is invertible, after shrinking r if 
necessary we may assume that also j(U) is open in U and 7: [/ — > 7(f) is a 
C fc -diffeomorphism (using the Inverse Function Theorem [13, Theorem 5.1], 
resp., [27, Part II, Chapter III, §9, Theorem 2]). 

The group V together with the isomorphism ^u'- U — > 7(f) between its 
subgroups gives rise to an HNN-extension VT. This is a group which 
contains V as a subgroup and has an element w G W such that 

wxw" 1 = 7(2;) for all x G £/ 

(see, e.g., 6.4.5 and the remarks following it in [25]). Consider the inner 
automorphism a: W — > VF, a(x) := wxw~ l . Then «([/) C U and ck|[/ is C fe . 
Furthermore, a _1 | Q ([/) is C fc on the open identity neighbourhood a(U) C [/. 
Since [/ is a C fc -Lie group, standard arguments now provide a unique C k - 
Lie group structure on the subgroup H :— (U U {w}) < W generated by U 
and w which makes U an open C fc -submanifold of H . Since a(U) = 7(f) C 
[/, it follows that G := \J n( z^ct~ n (U) C if is an open subgroup of if and 
Q; |g ,: Ga contractive automorphism with L(a| G ) = £(7) = /3. 

If char(K) = 0, we choose an ultrametric norm |.| on q such that \\f3\\ op < 1. 
For some t > 0, the Baker- Campbell-Hausdorff (BCH-) series then converges 
on B t x B t (where B t := Bf(0)) to a function taking its values in B t , and 
making U :— B t a K-analytic Lie group with £([/) = (see Lemma 3 in 
[4, Chapter 3, §4, no. 2]). Then V := U together with 7 := (5\u satisfies 
condition (*). The uniqueness assertion is covered by Lemma 5.4 below. □ 

If char(IK) > 0, then an analytic Lie contraction group (G, a) need not be 
determined by (L(G),L(a)) (see Example 6.7). 

Remark 5.2 The preceding proof shows that if (*) holds, then after shrink- 
ing U we can assume that 

(**) There is a C fc -Lie group U and a C fc -homomorphism 7: U — > U with 
open image such that £(7) = /3 and 7: U — > 7(f) is a C fc -diffeomor- 
phism with {7™(t/) : n G No} a basis of identity neighbourhoods in U. 
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In this case, (G, a) can be chosen such that U is an open subgroup of G and 
a\u = 7. 

The following lemma is a variant of [30, Proposition 2.2]. 

Lemma 5.3 Let (G±, cti) be a contraction group, U C G± be an ai-invariant 
open subgroup, G 2 be a group, a 2 be an automorphism of G 2 and g : U — > G 2 
be a homomorphism such that a 2 ° g = g o a±\u. Then g extends uniquely to 
a homomorphism h: G\ — > G 2 such that a 2 o h — h o a± . If also (G 2 , a 2 ) is 
a contraction group, g{U) open and g: U — > g(U) a homeomorphism, then h 
is an isomorphism of topological groups. 

Proof. First assertion: The hypotheses ensure U C a^iJJ) C a^ 2 (U) C • • • 
and Gi = IJneN, «r"(^)- Given x G a|f n (?7), we set h(x) := a^ n (5f(o;"(x))). 
It is easy to see that h is well defined and has the desired properties. 

Second assertion: Since V := g(U) satisfies a 2 (V) C V and cti o (jr -1 = 
g L o a 2 |y, the first assertion yields a homomorphism k: G 2 — > Gi such that 
— 5 -1 an d ot\o k = k o a 2 . Then ho k = idc 2 and k o h — ida 1 , by the 
uniqueness assertion. □ 



Lemma 5.4 Let (IK, |.|) 6e a complete ultrametric field of characteristic 0. 
Let Gj 6e an analytic Lie group over K and otj be a contractive, analytic 
automorphism ofGj, for j e {1,2}. Let f : L{G\) — * L{G 2 ) be a Lie algebra 
homomorphism with f o L(a\) = L(a 2 ) o f . Then there is a unique analytic 
homomorphism f A :Gi^ G 2 such that L(f A ) = f and a 2 o f A = f A oai. 
If f is a Lie algebra isomorphism, then f A is an analytic isomorphism. 

Proof. By Lemma 2.1 and 1.5, G\ has arbitrarily small ax-invariant open 
subgroups U. By Theorem 1 (i) in [4, Chapter 3, §4, no. 1], after choosing U 
small enough there exists an analytic homomorphism g : U — > G 2 such that 
L(g) = f. Since L(goa 1 \ u ) = L(g)oL(a 1 ) = foL(a 1 ) = L(a 2 )of = L(a 2 og), 
part (ii) of the theorem just cited shows that goa\\u = ct 2 og, after choosing U 
even smaller if necessary. Now Lemma 5.3 provides a unique homomorphism 
f A : Gi — > G 2 such that a 2 o f A = f A o ct\ and f A \u = 9- Since g is analytic, 
so is f A , and L(f A ) = L(g) = f. 

If also /* : G\ — > G 2 is an analytic homomorphism with the desired proper- 
ties, then f*\ v = f A \v for a sufficiently small a-stable open subgroup V C G\ 
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(which a priori might be smaller than U just used), because L(f*) = L(f A ). 
Hence /* = f A by uniqueness in Lemma 5.3. To complete the proof, note 
that g(U) is open and g: U — > g(U) is an analytic diffeomorphism in the 
preceding construction if we choose U sufficiently small, and hence f A is an 
isomorphism by Lemma 5.3. □ 



Definition 5.5 Let (K, |.|) be a complete ultrametric field of characteristic 0. 
We then obtain categories CLGk and CLAk, as follows: 

• The objects of CLGk are pairs (G,a), where G is an analytic Lie 
group over K and a: G — > G a contractive, analytic automorphism. A 
morphism (G 1 ,ai) — > (G 2,0(2) in CLGk is an analytic homomorphism 
/: G 1 — > G 2 such that a 2 o / = / o a x . 

• The objects of CLA K are pairs (0, ft, where is a Lie algebra over K 
and j3 : g — > a contractive Lie algebra automorphism. A morphism 
(0i,ft) — > (02, ft) is a Lie algebra homomorphism /: 0i ^02 such 
that ft 0/ = /oft. 

We now show: 

Theorem 5.6 TTie categories CLGk arid CLAk are equivalent. 

Proof. It is clear that a covariant functor P : CLGk — > CLAk can be defined 
via P(G,a) := (L(G), L(a)) on objects and P(/) := !/(/) on morphisms (cf. 
1.5). We now define a covariant functor Q: CLA K — > CLGk- Given an 
object x = (0,/9), we let := (G, a) be an analytic Lie contraction 

group such that L(G) = g and L(a) = (3, as constructed in Proposition 5.1. 
More precisely, we identify with L(G) here by means of a fixed Lie algebra 
isomorphism 

(f> x : g^ L(G), (12) 

and require that L(a) = (fixofiocf)' 1 . Given objects Xj = (gj, ft) for j G {1, 2} 
and a morphism /: (01, ft) — > (02, ft), we define a morphism Q(xi) — > (5(^2) 
via <5(/) {4>x 2 / (fci 1 )^ using notation as in Lemma 5.4. Then it is 
easy to see that Q is a functor and that is a natural isomorphism from id 
to P o Q (in the sense of [22, p. 16]). Furthermore, a natural isomorphism ijj 
from id to Q o P can be defined as follows: 

Given an object y = (G, a) in CLGk, we have P(y) = (L(G), L(a)) =: x and 
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Q(P(y)) = (G x , a x ), where L(a x ) = 4> x ° L(a) o By Lemma 5.4, there 
exists a unique isomorphism ^ := (<f) x ) A : G — > such that a x o ijj y — ijj y o a 
and L(ip y ) = <p x : L(G) — > L(G X ). The naturality is easy to check. 

We have shown that the functors P and Q define an equivalence of categories 
between QLGk and CLAk (in the sense of [22, p. 18]). □ 



6 Examples and open problems 

We start with examples related to Theorem A. 

Example 6.1 Let IK be a local field of positive characteristic. Since 1K X 
is not a torsion group, it does not admit a contractive C 1 -automorphism, 
by Theorem A. In fact, 1K X does not even admit a contractive bicontinuous 
automorphism. To see this, we assume the existence of such an automor- 
phism a and derive a contradiction. We pick an element 0^x6 1K X such 
that \x\ 7^ 1. Then D := (x) is an infinite cyclic group and discrete in the 
topology induced by K x . We let U C K x be a compact open subgroup. Then 
a n (x) G U for some n and hence a n (D) is an infinite discrete subgroup of 
the compact group U, which is absurd. 

The following example shows that it is in general not possible to choose all 
of the groups Gj in a composition series (1) as C^-Lie subgroups of G. 

Example 6.2 Let K := F P ((X)) be the field of formal Laurent series over 
a finite field F p with p elements, G := (K, +) and a: G — > G, z i— > X 2 z. 
Then G 1 := F^ 2N) x Wf° C fJ" n) x Fj° = K is an a-stable closed subgroup 
of G. Furthermore G x = ¥ ( f N) x F^° via (x n ) ne2Z i-> (x 2n ) neZ and G/d ^ 
p(-2N+i) x jp2No+i^ ^ g ^oth contraction groups are isomorphic to Cp~ N) x C^ 
with the right shift, they are simple contraction groups and hence 

1 < d < G 

is a composition series of closed a-stable subgroups of G. Let 1 < Hi < G be 
any such composition series. We now show that Hi is not a Lie subgroup. 
In fact, Hi is a non-discrete, proper subgroup of G. Hence, if Hi would be 
a Lie subgroup of G, it would be 1-dimensional and hence open in the 1- 
dimensional Lie group G. Then G = [J neN ®~ n (Hi) = Hi, which is absurd. 
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In other cases, the groups Gj can be chosen only as C^-Lie subgroups for 
some subfield L C K. 

Example 6.3 Let K : = F p2 ((X)), G : = (K, +) and a: G -> G, z ^ Xz. 
Then Gi := ¥ p ((X)) is an a-stable closed subgroup G. Since both Gi and 
G/G\ are isomorphic as contraction groups to Cp~ N ^ x C^ with the right 
shift, they are simple contraction groups and hence l<Gi<G is a composition 
series of closed a-stable subgroups of G. Here Gi is a C^-Lie subgroup over 
L := F p ((X)). However, neither G\ nor any other group Hi in a composition 
series 1 < Hi < G of a-stable closed subgroups can be a C^-Lie subgroup, 
because G is 1-dimensional over K, enabling us to argue as in Example 6.2. 

Of course, instead of a composition series of closed a-stable subgroups, in 
the situation of Theorem A we can consider a properly ascending series 

1 = G < Gi < ■ ■ ■ < G m = G 

of a-stable C fc -Lie subgroups Gj of G which cannot be properly refined to a 
series of the same type (let us call such a series a Lie composition series). 
In other words, each factor Gj/Gj-i is a simple Lie contraction group of 
class C k in the sense that it is non-trivial and does not have a proper, normal, 
non-trivial C fc -Lie subgroup stable under the contractive (^-automorphism 
induced by a. 

We mention that Lie composition series also exist if (K, |.|) is a non- locally 
compact, complete ultrametric field, because dim K (G,) < dim K (Gj + i) holds 
for the groups in a strictly ascending Lie series. 

As a consequence of Theorem B, every simple Lie contraction group (G, a) 
of class C k (with k > 2) over a complete ultrametric field is abelian. If 
char(IK) = and k = u, this easily implies that G is isomorphic to (K n , +) 
for some n and a corresponds to a K-linear automorphism. If IK has positive 
characteristic, then currently we cannot say more. 

Problem 6.4 Is it possible to classify all simple Lie contraction groups over 
complete ultrametric fields of positive characteristic, or at least over local 
fields of positive characteristic ? 

The following example shows that simple Lie contraction groups need not be 
1-dimensional - each given dimension nGN can occur. 
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Example 6.5 Let K := F P ((X)), G := (K 2 ,+) and a: G -> G be denned 
via (x,y) h-> (X^x). Then the map <\>: G -> K = F P ~ N) x F^°, 

is an isomorphism of topological groups and <fi o ct o _1 is the right shift on 
Fp N -* x Fp°. Hence (G,a) is a simple contraction group. As a Lie group, G 
is 2-dimensional. 

Analogous arguments show that the n-dimensional K-analytic Lie group K n , 
together with a: K n — > K n , . . . ,x n ) := (Xx n ,Xi, . . . , x n _i), is isomor- 

phic to Fp - ^ x Fp° and hence is a simple contraction group. 

While Theorem A settles the locally compact case, the following problem 
remains unsolved: 

Problem 6.6 Is it true that all Lie contraction groups over a non-locally 
compact, complete ultrametric field (EC, j . j ) of positive characteristic are 
torsion groups ? 

It would be enough to prove this for all simple Lie contraction groups over K. 

Let us close this section with material concerning Section 5. The following 
example shows that, in the case of positive characteristic, analytic contraction 
groups need not be determined by the Lie algebra and its automorphism. Not 
even the local structure of the group is determined. 

Example 6.7 Let F be a finite field and K := F((X)). We set p := char(F) 
and consider the 3-dimensional K-analytic Lie group G := K 2 x^K, where 
(3: K — > Aut(K 2 ), z i— > f3 z is the homomorphism given by 

Pz(x,y) := (x + z p y,y) for x, y, z E K. 

Then the map 

a:G^G, (x, y, z) ^ (X p+1 x, Xy, Xz) forx,y,zeK 

is a contractive automorphism of G. Given g = (x, y, z) and h = (a, b, c) in G, 
weh&vef(g,h) := ghg~ l h~ l = (z p b-c p y, 0, 0). Since \z p b\ = 0(\\g\\ 2 )0(\\h\\) 
as (g,h) -> (0,0) and \c p y\ = 0(||/i|| 2 )0(||#||), it follows that 

f(g,h) = o(\\(g,h)\\ 2 ) (13) 
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(using Landau's big O and small o notation). The second order Taylor ex- 
pansion of the commutator map / of the C w -Lie group G around (0, 0) reads 

f(g,h) = [g,h]+o(\\(g,h)\\ 2 ) 

(cf. item 5 in [27, Part II, Chapter IV, §7]). Comparing with (13), we deduce 
that [g, h] = for all g,h G IK 3 . Thus L{G) = K 3 is an abelian Lie algebra. 
Also, L(a) is the linear map 7: IK 3 — > IK 3 , (x,y,z) 1— > (X p+1 x, Xy, Xz). Now 
(IK 3 , +) is a 3-dimensional IK-analytic Lie group admitting 7 as a contractive 
IK-analytic automorphism. We have L(IK 3 ) = L(G) and £(7) = L(a). How- 
ever, (K 3 , +) is abelian while G is not (and in fact G does not even have an 
abelian open subgroup). 

One would not expect a positive solution to the following existence question, 
but the authors currently do not know counterexamples. 

Problem 6.8 If g is a Lie algebra over a local (or complete ultrametric) 
field IK of positive characteristic and f3 : Q — > g a contractive Lie algebra 
automorphism, can we always find an analytic (or at least C k ) Lie group G 
and an analytic (or C k ) contractive automorphism a: G — > G such that 
= L(G) and (3 = L(a) ? 
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